In this paper, we obtain some more properties of mean open and closed sets. We also introduce a notion of mean clopen sets and obtain some properties of such sets. We observe that a mean clopen set is both mean open and mean closed but the converse is not true.
Introduction
Unless otherwise mentioned, X stands for the topological space (X, P). By a proper open set (resp. closed set) of a topological space X, we mean an open set G = ∅, X (resp. a closed set E = ∅, X).
In the literature, we find a considerable number of articles on minimal and maximal open and closed sets due to Nakaoka and Oda [4, 5, 6] . A nonempty open set U of X is said to be a minimal open set [6] if ∅ and U are only open sets contained in U . Dualizing the notion of minimal open set, Nakaoka and Oda [5] . Focusing on clopen sets in the light of mean open and closed sets, we find some odd behaviors of clopen sets which inspire us to initiate the study of mean clopen sets (Definition 3.8). It is easy to see that mean clopen sets are both mean open and mean closed but the converse is not true (Example 3.9). We also observe that mean clopen sets appear in pairs (Theorem 3.11) which reveals a beauty of the notion of mean clopen sets.
Throughout the paper, R stands for the set of real numbers. For a subset A of a topological space (X, P), we write Cl(A) (resp. Int(A)) to denote the closure (resp. interior) of A with respect to the topological space (X, P).
Mean open and closed sets
Firstly, we recall the following.
2.1. Theorem (Nakaoka and Oda [5] ). If U is a maximal open set and W is an open set in X, then either
2.2. Theorem (Nakaoka and Oda [6] ). If U is a minimal open set and W is an open set in X, then either
2.3. Definition (Nakaoka and Oda [4] ). A proper closed set E of X is said to be a minimal closed set if ∅ and E are only closed sets contained in E. [4] ). If E is a minimal closed set and F is any closed set in X, then either
Theorem (Nakaoka and Oda
2.5. Definition (Nakaoka and Oda [4] ). A proper closed set E of X is said to be a maximal closed set if E and X are only closed sets containing E.
2.6. Theorem (Nakaoka and Oda [4] ). If E is a maximal closed set and F is any closed set in X, then either E ∪ F = X or F ⊂ E. If F is also a maximal closed set distinct from E, then E ∪ F = X.
The following two are duality principles due to Nakaoka and Oda [4] :
2.7. Definition (Mukharjee and Bagchi [3] ). An open set M of a topological space X is said to be a mean open set if there exist two distinct proper open sets U,
Definition (Mukharjee and Bagchi [3]).
A closed set E of a topological space X is said to be a mean closed set if there exists two distinct proper closed sets D,
2.9. Theorem (Mukharjee and Bagchi [3] ). An open set of a topological space is a mean open set iff its complement is a mean closed set. 
is a mean open set in X. Proceeding similarly, we have either
If V = Cl(V ), then V is a clopen set and so the space is disconnected. Hence Theorem 2.10 may be stated as follows: If U, V are two distinct minimal open sets, then the space is disconnected or X − Cl(U ) and X − Cl(V ) are mean open sets.
2.11. Corollary. If E and F are two distinct maximal closed sets in X, then B = Int(B) or X − Int(B) is a mean closed set in X where B = E or F .
Proof. As E and F are two distinct maximal closed sets, X − E and X − F are two distinct minimal open sets. By Theorem 2.10,
is a mean open set. So X − Int(E) is a mean closed set by Theorem 2.9. Similarly, for A = X − F , we see that either F = Int(F ) or X − Int(F ) is a mean closed set by Theorem 2.9.
2.12. Theorem. Let M be a maximal open set in a topological space X.
Proof. (i) Since G ∪ M = X for each G ∈ Cmo(X), by Theorem 2.1, we get G ⊂ M for each G ∈ Cmo(X) which in turn implies that G∈Cmo(X) G ⊂ M . Since M = X, it follows that G∈Cmo(X) G = X.
(ii) Since G∪M = X for each G ∈ Cmo(X), we have X −M ⊂ G for each G ∈ Cmo(X). So we get X − M ⊂ G∈Cmo(X) G. As M is a maximal open set, M = X and so
2.13. Theorem. Let M be a minimal open set in a topological space X.
Dualizing Theorems 2.12 and 2.13, we have Theorems 2.14 and 2.15, respectively. The proofs of these two theorems are omitted, as the proofs are similar to the proofs of their primal Theorems 2.12 and 2.13, respectively.
2.14. Theorem. Let E be a minimal closed set in a topological space X.
(i) If Cmc(X) is a collection of mean closed sets such that
is a collection of mean closed sets such that E ∩ F = ∅ for each F ∈ Cmc(X), then F ∈Cmc(X) F = X.
2.15. Theorem. Let E be a maximal closed set in a topological space X.
(i) If Cmc(X) is a collection of mean closed sets such that E ∪ F = X for each F ∈ Cmc(X), then F ∈Cmc(X) F = X. (ii) If Cmc(X) is a collection of mean closed sets such that E ∪ F = X for each F ∈ Cmc(X), then F ∈Cmc(X) F = ∅.
Mean Clopen Sets
Firstly, we recall that a set which is both open and closed in a topological space is called a clopen set. By a proper clopen set of a topological space, we mean a clopen set A = ∅, X.
Definition (Mukharjee [1]). A proper clopen set
A of a topological space X is said to be minimal clopen if B is a clopen set such that B ⊂ A, then B = A or B = ∅.
A of a topological space X is said to be maximal clopen if B is a clopen set such that A ⊂ B, then B = A or B = X.
Theorem (Mukharjee [1]).
If A is a minimal clopen set and B is a clopen set in X, then A ∩ B = ∅ or A ⊂ B. If A and B both are minimal clopen, then A ∩ B = ∅.
If A is a maximal clopen set and B is a clopen set in X, then A ∪ B = X or B ⊂ A. If A and B both are maximal clopen, then A ∪ B = X.
If A is minimal clopen in a topological space X, then X − A is maximal clopen in X and conversely.
3.6. Theorem (Mukharjee [1] ). If A is minimal clopen and B is maximal clopen in X, then either A ⊂ B or A = X − B.
3.7. Theorem (Mukharjee [1] ). If a topological space X contains a set A which is both maximal and minimal clopen, then (i) A and X − A are the only sets in the space which are both maximal and minimal clopen, and (ii) A and X − A are the only proper clopen sets in the space.
We now introduce the following.
3.8. Definition. A proper clopen set A of a topological space X is said to be a mean clopen set if there exist two proper clopen sets C, D = A such that C ⊂ A ⊂ D.
A mean clopen set is neither maximal clopen nor minimal clopen. It is clear that a mean clopen set is both mean open and mean closed. However, a set which is both mean open and closed need not be mean clopen.
3.9. Example. For a, b ∈ R with a < b, we consider the topology is not a mean clopen set in R. Also (a, ∞) and (−∞, b) are mean clopen sets in R. But the intersection (a, b) of the mean clopen sets (a, ∞) and (−∞, b) is not a mean clopen set. These lead to conclude that the union and intersection of mean clopen sets may not be mean clopen sets again.
3.11. Theorem. If A is a mean clopen set in X, then X − A is also a mean clopen set in X.
Proof. Straightforward.
In view of Theorem 3.11, we conclude that mean clopen sets appear in pairs. Also if a topological space consists of a mean clopen set, then there exist at least six proper clopen sets in that space.
3.12. Theorem. If a topological space X contains a set which is both maximal and minimal clopen, then X contains no mean clopen set.
Proof. Follows by Theorem 3.7.
3.13. Theorem. If a topological space X contains a mean clopen set A, then no minimal clopen set of X has nonempty intersection with both A and X − A.
Proof. We have nothing to prove if the topological space contains no minimal clopen set. So we assume that there exists a minimal clopen set M in X. Since M is minimal clopen in X, by Theorem 3.5, X − M is maximal clopen in X. As A is a mean clopen set, A = M, X − M . Also by Theorem 3. 3.14. Corollary. If A is a mean clopen set and N is a maximal clopen set in a topological space X, then one and only one of A ∪ N = X and A ∪ (X − N ) = X hold.
Proof. N being a maximal clopen set, by Theorem 3.5, X − N is a minimal clopen set. By Theorem 3.13, one and only one of (X − N ) ∩ A = ∅ and (X − N ) ∩ (X − A) = ∅ hold. Proof. Similar to that of Theorem 3.12 [3] .
3.16. Theorem. If there are two distinct minimal clopen sets A, B and a mean clopen set M in a topological space X, then A ∪ B = X.
Proof. By Theorem 3.5, X − A, X − B are maximal clopen sets and so by Theorem 3.15, (X − A) ∩ (X − B) = ∅ which in turn implies that A ∪ B = X.
